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Abstract
Let X be a Calabi–Yau threefold de&ned over an algebraically closed &eld k of characteristic
p¿ 0. It is natural to expect that X has some properties which cannot be seen in characteristic
zero. To observe such phenomena, we study Calabi–Yau threefolds constructed from &ber prod-
ucts of elliptic and quasi-elliptic rational surfaces over P1. These Calabi–Yau threefolds turn out
to be unirational, have &brations which are not generically smooth. We shall also observe their
Artin–Mazur formal groups and the Hodge duality. c© 2001 Elsevier Science B.V. All rights
reserved.
MSC: Primary 14J30; secondary 14F30; 14J28
Recently, Miyaoka [7] and Sakamaki [11] have achieved interesting results on Calabi–
Yau threefolds in positive characteristics, which seem to suggest the possibility of
generalizing the theory of K3 surfaces to higher dimensions. In this paper, we shall
observe a certain type of Calabi–Yau threefolds which would be of some interest from
this viewpoint.
The main questions we are interested in here are: What pathological phenomena can
occur if we consider Calabi–Yau threefolds in positive characteristics? Can we relate
such phenomena to some numerical invariants such as the height of the Artin–Mazur
formal groups? Does the Hodge spectral sequence of these Calabi–Yau threefolds
degenerate?
In this paper, we shall construct some Calabi–Yau threefolds which have &brations
whose generic &ber is not smooth.
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The construction is quite similar to the one developed in Schoen’s work [12]. He
produced Calabi–Yau threefolds by taking &ber products of two rational elliptic surfaces
with sections over P1. In this way he attained various topological Euler characteristics
of Calabi–Yau threefolds in C and also some examples of rigid varieties. After that,
Sakamaki used this method to produce Calabi–Yau threefolds in positive characteristics
and studied their Artin–Mazur formal groups. Here, we shall apply this method to &ber
products of elliptic and quasi-elliptic rational surfaces with sections.
In this way, we obtain Calabi–Yau threefolds with &brations over P1 whose general
&ber is a direct product of an elliptic curve and a rational curve with an ordinary
cusp in p=2; 3. In Section 4, we observe that these Calabi–Yau threefolds have other
&brations whose general &ber is a K3 surface, a normal surface with rational double
points whose resolution is a K3 surface. It also turns out that all these Calabi–Yau
threefolds are unirational and the height of their Artin–Mazur formal groups is in&nity.
So they are in a class which should be called supersingular Calabi–Yau. In the &nal
section, applying the arguments of Rudakov and Shafarevich [10], we show that the
Hodge duality holds for these Calabi–Yau threefolds.
0. Preliminaries
We consider projective varieties de&ned over an algebraically closed &eld k of char-
acteristic p¿ 0.
Denition 0.1. A smooth projective threefold X is said to be Calabi–Yau, if KX ∼= OX
and H 1(OX ) = H 2(OX ) = 0.
We call a morphism f : X → S a &bration if S is normal and f∗OX = OS .
Let 
1 : Y1 → P1 be a rational elliptic surface with sections and 
2 : Y2 → P1 be a
rational quasi-elliptic surface with sections. We note that a quasi-elliptic surface exists
only in p = 2; 3. Assume further that all the components of the &bers of 
1; 
2 are
reduced. We take the &ber product:
Y1 ×P1 Y2 −−−→ Y2
 
2
Y1

1−−−−−→ P1;
(0.1)
and put W :=Y1×P1 Y2. Then W has only isolated singularities. Since it can be observed
that W ∈ | − KY1×Y2 |, we have KW ∼= OW . A general &ber of f : W → P1 is a direct
product of an elliptic curve and a rational curve with one cusp, therefore non-normal.
To obtain a Calabi–Yau threefold, we need to &nd a resolution of singularities  :
W˜ → W which satis&es (i)  is a crepant resolution (i.e., KW˜ = ∗KW ), (ii) W˜ is a
projective variety.
Review on Weierstrass forms: The Weierstrass forms of elliptic curves in p = 2; 3
are diJerent from the well-known forms in other characteristics. The normal forms and
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their discriminants are given as follows:
Rational elliptic surfaces
p= 2; y2 + a1(t)xy + a3(t)y = x3 + a2(t)x2 + a4(t)x + a6(t);
= a61a6 + a
5
1a3a4 + a
4
1a2a
2
3 + a
4
1a
2
4 + a
4
3 + a
3
1a
3
3;
p= 3; y2 = x3 + a2(t)x2 + a4(t)x + a6(t);
= a22a
2
4 − a32a6 − a34:
Rational quasi-elliptic surfaces
p= 2; y2 = x3 + a3(t)x + a5(t);
= a3(da3=dt)2 + (da5=dt)2;
p= 3; y2 = x3 + a5(t);
= (da5=dt)2;
where al(t) ∈ k[t] such that deg al(t) 6 l. In the case of quasi-elliptic surfaces, we
impose an additional condition: either a3(t) ∈ k[t2] or a5(t) ∈ k[t2] if p = 2, a5(t) ∈
k[t3] if p= 3.
1. On small resolutions
The main diLculty we have here comes from the fact that quasi-elliptic &brations
do not have semi-stable degenerate &bers. If both 
1; 
2 are elliptic &brations with
only semi-stable singular &bers, it is known that all the singularities of W are ordinary
double points (cf. [12,11]). Our main result in this section is
Proposition 1.1. The hypersurface singularity given by (i) f:=xy + z(z + w2) = 0 in
p= 2; (ii) f:=xy − zw(z + w) = 0 in p= 3 has a small resolution. The exceptional
locus consists of one P1 in case (i); two P1’s which intersect at one point in case
(ii).
Proof. (i) Put X :={f = xy + z(z + w2) = 0}. Blowing up along I :=(x; z), we have
X1:=
{
u
v
=
x
z
=
z + w2
y
}
⊂ P1 × X;
where u; v are homogeneous coordinates of P1. By the Jacobian criterion, we see that
X1 is non-singular. Indeed, if v= 1, we have (x = uz; y = y; z = z; w = w)
f = z(uy + z + w2):
Therefore, the strict transform of X is non-singular in this chart. If u = 1, we have
(x = x; y = y; z = vx; w = w)
f = x[y + v(vx + w2)];
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which is again non-singular. It is easy to see that the exceptional curve C is isomorphic
to P1.
(ii) Put X :={f = xy − zw(z + w) = 0}. Blowing up along I1:=(x; z), we have
X1:=
{
u
v
=
x
z
=
w(z + w)
y
}
⊂ P1 × X;
where u; v are homogeneous coordinates of P1. If u = 1, we have (x = x; y = y; z =
vx; w = w)
f = x[y − vw(vx + w)];
which is non-singular. If v= 1, we have (x = uz; y = y; z = z; w = w)
f = z[uy − w(z + w)];
which has an ordinary double point at the origin. Here, the exceptional curve C1 is again
P1. Thus, blowing up along I2:=(y; w), we obtain a small resolution X2 → X1 → X
with exceptional curves C1; C2.
Thus we have a criterion for small resolutions.
Corollary 1.2. Under the notation (0:1); let 
−11 (t0) be a degenerate 4ber of type
In (n¿ 2); and 
−12 (t0) be a degenerate 4ber of type III if p= 2; of type IV if
p= 3. Then the singular points of W which lie over t0 ∈ P1 have a projective small
resolution.
Proof. Because of the construction, the &ber product W :=Y1 ×P1 Y2 is a divisor of
Y1 × Y2. Thus W has only isolated hypersurface singularities. Let t ∈ OP1 be a local
coordinate at t0 ∈ P1. Then the &brations 
1; 
2 at each singular point of 
−11 (t0) and

−12 (t0) are given by t = xy and t = z(z + w
2) in p = 2 (resp. t = zw(z + w) in
p= 3) for local coordinates x; y and z; w and some units ;  in the local rings of the
surfaces. Then the equation of the singularity is given by xy + z(z + w2) = 0 (resp.
xy− zw(z+w) = 0) which we can transform, by replacing x by x= in the ring of
formal power series, into f:=xy+ z(z+w2) = 0 (resp. f:=xy− zw(z+w) = 0). Thus
we have the assertion by Proposition 1.1. The projectivity of the resulting resolution
follows from the fact that each center of blowing ups is chosen as a divisor (∼= P1×P1)
in W .
Remark. The normal bundles of the exceptional curves are calculated as NC=X1 ∼=
O(−2) ⊕ O in case (i), and NC1=X2 ∼= O(−2) ⊕ O, NC2=X2 ∼= O(−1) ⊕ O(−1) in
case (ii).
2. Constructions
In the previous section, we obtained a criterion for small resolutions. So the next
question is if there exist pairs of elliptic and quasi-elliptic rational surfaces which
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render projective smooth Calabi–Yau threefolds W˜ as in (0.1). First, we review some
results on rational quasi-elliptic and extremal elliptic surfaces.
Theorem (Ito [4; 5]). A rational quasi-elliptic surface with sections is given by one of
the following:
Type of degenerate 4bers Weierstrass form MWG
p= 2
(a) II∗ y2 = x3 + t5 1
(b) I∗4 y
2 = x3 + t2x + t5 Z=2
(c) III; III∗ y2 = x3 + t3x Z=2
(d) Two I∗0 ’s y
2 = x3 + at2x + t3; a ∈ k Z=2⊕2
(e) I∗2 , two III ’s y
2 = x3 + (t3 + t)x Z=2⊕2
(f ) I∗0 , four III ’s y
2 = x3 + (t3 + at2 + t)x; a ∈ k∗ Z=2⊕3
(g) Eight III ’s y2 = x3 + (t3 + at2 + bt)x + t3; a ∈ k; b ∈ k∗ Z=2⊕4
p= 3
(a) II∗ y2 = x3 + t 1
(b) IV; IV ∗ y2 = x3 + t2 Z=3
(c) Four IV ’s y2 = x3 + t4 + t2 Z=3⊕2
It turns out that rational elliptic surfaces with sections whose degenerate &bers are
of type In (n ¿ 2) are very limited. According to the theory of the Mordell–Weil
lattices, the possible combinations of their degenerate &bers are either
type (1): two I2’s and two I4’s; or type (2): four I3’s:
The Mordell–Weil groups are given by Z=2⊕Z=4 and Z=3⊕2, respectively. (cf. Oguiso
and Shioda [9], see also Lang [6, p. 430]). Furthermore, in positive characteristics, we
know the following facts:
Theorem (Lang [6]). If p = 2; the rational elliptic surface with sections whose de-
generate 4bers are of type (1) above does not exist; whereas the one of type (2) is
uniquely determined as y2 + (t + 1)xy + y = x3 + t(t2 + t + 1). 1
If p = 3; the rational elliptic surface with sections whose degenerate 4bers are
of type (2) does not exist; whereas the one of type (1) is uniquely determined as
y2 = x3 + (t2 + 1)x2 + t2x.
Choosing appropriate combinations, we obtain our main result:
1 It seems that the equation given in his original paper is misprinted and what he meant was y2 + txy +
y = x3 + (1 + t3). In the above theorem we performed the coordinate change t → t + 1 so that we have a
degenerate &ber at t = 0.
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Theorem 2.1. If we consider the following pairs 
1; 
2; choosing appropriate a; b and
shifting the base P1 by automorphisms if necessary; the 4ber product W has a small
resolution  : W˜ → W . Furthermore W˜ is projective.
p= 2; 
1 : y2 + (t + 1)xy + y = x3 + t(t2 + t + 1);

2 : y2 = x3 + (t3 + at2 + t)x; a ∈ k∗; or
y2 = x3 + (t3 + at2 + bt)x + t3; a ∈ k; b ∈ k∗:
p= 3; 
1 : y2 = x3 + (t2 + 1)x2 + t2x;

2 : y2 = x3 + t4 + t2:
Proof. First consider the case p=3. The discriminant  of the elliptic &bration 
1 is
given by = t4(t + 1)2(t − 1)2. Therefore the degenerate &bers of type I2 are located
at t = 1;−1, the ones of type I4 are located at t = 0;∞. Similarly, the discriminant 
of the quasi-elliptic &bration 
2 is given by = t2(t − 1)2(t + 1)2 and the degenerate
&bers of type IV are located at t = 0; 1;−1;∞. Taking the &ber product over P1, we
see that W has 12 singular points, all of which can be resolved by Corollary 1.2.
Secondly, in case of p=2, the elliptic &bration 
1 has the discriminant = t3(t2 +
t + 1)3. Therefore, there are four degenerate &bers of type I3 which are located at
t = 0; ; 1=;∞ where 2 +  + 1 = 0. What we need to do is to choose 
2 so that it
has degenerate &bers of type III at least at t = 0; ; 1=;∞. Then using the criterion
in Corollary 1.2, we obtain the assertion. Indeed, we have the discriminant of the
quasi-elliptic surface 
2 as  = t(t + 1)4(t2 + at + 1) for the &rst case, i.e., 
2 :
y2 = x3 + (t3 + at2 + t)x; and = t[(t2 + at+ b)(t2 + b)2 + t3] for the second case, i.e.,

2 : y2 = x3 + (t3 + at2 + bt)x+ t3. If we choose, for example, a= 1 in the &rst case;
and a= 0; b= 1 in the second case, then we have the desired situation.
The projectivity of W˜ follows from the fact that W is a projective variety and the
centers of blowing-ups are irreducible divisors of W .
Remark. In the case p=2 and 
2 : y2 = x3 + (t3 + at2 + t)x, a ∈ k∗, the quasi-elliptic
&bration 
2 has a degenerate &ber of type I∗0 . This is indeed a violation to the assump-
tion that all the components of &bers are reduced as stated in (0.1). However, it can
be checked that the &ber product W has no singular points over this degenerate &ber
if we construct W as above.
Proposition 2.2. For the smooth projective variety W˜ with KW˜ ∼= OW˜ obtained above;
we have the following:
(1) H 1(OW ) = H 1(OW˜ ) = 0.
(2) H 2(OW˜ ) = 0.
(3) The smooth projective Calabi–Yau threefold W˜ is unirational.
(4) alg1 (W˜ ) = {1}.
(5) b2(W˜ ) = !(W˜ ) and !(W˜ ) = 27 if p= 2; !(W˜ ) = 35 if p= 3.
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Proof. Let " ⊂ P1 ×P1 be the diagonal. Then W is the pull-back of " by 
1 × 
2 :
Y1×Y2 → P1×P1. By using the canonical bundle formula for elliptic and quasi-elliptic
surfaces, it is easy to see that KY1×Y2 ∼ −(
1×
2)∗" ∼ −W . Now we have a natural
exact sequence:
0→ OY1×Y2 (−W )→ OY1×Y2 → OW → 0;
which induces the long exact sequence:
· · · → H 1(OY1×Y2 )→ H 1(OW )→ H 2(OY1×Y2 (−W ))→ · · · :
Since Y1×Y2 is a smooth rational variety, we have H 1(OY1×Y2 )=0 and h2(OY1×Y2 (−W ))
= h2(KY1×Y2 ) = 0, which proves H
1(OW ) = 0.
Secondly, recall that the resolution  : W˜ → W is a succession of blowing-ups along
divisors of W . Consider the &rst blowing-up along Z(=P1 × P1) ⊂ Y1 × Y2, i.e.,
W1 −−−→ (Y1 × Y2)∼
1
 %1

W −−−→ Y1 × Y2:
We have K(Y1×Y2)∼ = %
∗
1KY1×Y2 + E, where E:=%
−1
1 (Z). Also by the previous compu-
tation, we know %∗1W = W1 + E. Thus we &nd W1 ∈ | − K(Y1×Y2)∼ |. Repeating this
procedure, we know that W˜ is still a member of the anti-canonical divisor of a rational
variety. By the same argument, we obtain H 1(OW˜ ) = 0.
The assertion (2) follows from the Serre duality: h0;2 = h3;1(=h0;1).
For (3), let Frob : Y (+1)1 → Y1 be the relative Frobenius morphism. Take a &ber
product as
Y (+1)1 ×Y1 W˜ −−−→ W˜

Y (+1)1
Frob−−−−−→ Y1:
Let (Y (+1)1 ×Y1 W˜ )′ be the normalization of Y (+1)1 ×Y1 W˜ . Then it is easy to see that
(Y (+1)1 ×Y1 W˜ )′ → Y (+1)1 is a P1-&bration over a rational surface, i.e., (Y (+1)1 ×Y1 W˜ )′
is birationally equivalent to P3.
To prove (4), consider the above rational map P3 · · · → W˜ which is purely insepa-
rable of degree p2. This map is de&ned as a morphism on an open set U ⊂ P3 such
that codim (P3 \ U ;P3) ¿ 2. Take a non-trivial Netale covering Z → W˜ and the &ber
product as
U ×W˜ Z −−−→ Z



U −−−→ W˜ :
Since alg1 (U ) = {1}, there exists a section of . Thus, we have the following purely
inseparable extension of &elds: k(P3) ⊃ k(Z) ⊃ k(W˜ ), but this is absurd. Thus we
have alg(W˜ ) = 1.
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For (5), we refer the reader to Nygaard [8, Theorem 1:3]. He proved that b2=! holds
for unirational (or weakly unirational by his de&nition) threefolds. By computation, we
have !(W˜ ) = 27 if p= 2 and !(W˜ ) = 35 if p= 3.
We shall need Lemma 2.3, Theorem 2.4 in the following sections.
Lemma 2.3. Suppose p=2. Consider the quasi-elliptic surfaces given in the beginning
of this section (f ): y2 = x3 + (t3 + at2 + t)x, a ∈ k∗; (g): y2 = x3 + (t3 + at2 + bt)x+ t3;
a ∈ k; b ∈ k∗. Then the line of cusps ( intersects transversely each component of
degenerate 4bers of type III. Moreover; in case (f ); ( intersects the degenerate 4ber
of type I∗0 at the unique non-reduced component.
Proof of Lemma 2.3. This is shown in [10, p. 1494].
The following theorem on quasi-elliptic &brations was proved by Bombieri–Mumford
in a more general situation. Here, we shall apply it to rational quasi-elliptic surfaces
considered above.
Theorem 2.4 (Bombieri–Mumford [1, pp. 199–210]). Suppose p = 2. Let y2 = x3 +
a3(t)x + a5(t) be an equation of a quasi-elliptic rational surface 
2 : Y2 → P1.
Set !:=(da3(t)=dt)3dt=((da5(t)=dt)2 + a3(t)(da3(t)=dt)2); then this is an element of
H 0(P1 \ S; *P1 ); where S is the set of points over which degenerate 4bers exist. If
! = 0; the vanishing order of ! at a point is given by ord0!= 6k for some integer
k ¿ 0 and the 4bration can be put into a normal form t=y2+x2(x+y2k+1). If !=0
then we have t = x3 + y2. Moreover; the saturation of the natural exact sequence is
given by 0→ 
∗2*P1 (2(+A)→ *Y2 → *Y2=P1=tor → 0; where A is an e;ective divisor
in 4bers of 
2 and ( is the line of cusps.
In case p = 3; any quasi-elliptic 4bration can be put into a unique normal form
t=y2 + x3. The saturation of the natural exact sequence is given by 0→ 
∗2*P1 ((+
A)→ *Y2 → *Y2=P1=tor → 0; where A is an e;ective divisor in 4bers of 
2.
3. Artin–Mazur formal groups
For a complete variety X=k satisfying the condition h0; r+1=0, h0; r=1 and h0; r−1=0,
the deformation functor -r(X=k;Gm) is representable by a one-dimensional smooth
formal group (Artin–Mazur formal group). For a K3 surface, the formal group
-2(X=k;Gm) is called the formal Brauer group, whose height is an important invariant
in the study of the moduli spaces. In this section, we shall calculate the height of the
Calabi–Yau threefolds. The following theorem was pointed out to the author by Suwa
and Sakamaki.
Theorem 3.1. The Artin–Mazur formal group -3(W˜ =k;Gm) of the smooth projective
Calabi–Yau threefold W˜ obtained in the previous section has height ∞.
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For the proof, we use the following facts (cf. [3]):
The de Rham–Witt complex of a smooth projective threefold X is de&ned as the
projective system of complexes:
Wn*·X = {WnOX d→Wn*1X d→Wn*2X d→Wn*3X };
which is equipped with the Frobenius F : Wn+1*iX → Wn*iX , the Verschiebung V :
Wn*iX → Wn+1*iX such that FdV = d.
The canonical isomorphism gives the equality between the crystalline cohomology
and the hypercohomology of the de Rham–Witt complex:
H∗crys(X=W ) ∼= H∗(X;W*·X ) = lim← H
∗(X;Wn*·X ):
The slope spectral sequence
Ei;j1 :=lim← H
j(X;Wn*iX )⇒ Hi+jcrys(X=W )
degenerates at E1-term modulo torsion.
Proof. Set X :=W˜ . Since the DieudonnNe module of the Artin–Mazur formal group
-3(X=k;Gm) is equal to H 3(X;WOX ), we need to show H 3(X;WOX ) ⊗ K = 0, where
K is the fraction &eld of the ring of Witt vectors W (k).
Let g : S → X be a resolution of indeterminancy of the rational map P3 · · · → X ,
which was given in Proposition 2.2. Consider the following exact sequence:
0→ WnOS V→Wn+1OS → OS → 0:
Since we have H 3(S;OS) = 0 and W1OS = OS , the long exact sequence
· · · → H 3(S;WnOS)→ H 3(S;Wn+1OS)→ H 3(S;OS)→ · · ·
implies H 3(S;WnOS)=0 for any n¿ 1. Thus H 3(S;WOS)=0. On the other hand, mor-
phism g induces g∗ : H 3crys(X=W )→ H 3crys(S=W ). By the PoincarNe duality, we obtain g∗
such that g∗g∗x= (deg g)x for x ∈ H 3crys(X=W )K . Since the slope spectral sequence de-
generates at the &rst term modulo torsion, we have H 3crys(X=W )
[0;1)
K =H
3(X;WOX )K and
H 3crys(S=W )
[0;1)
K = H
3(S;WOS)K . The inclusion g∗ : H 3crys(X=W )
[0;1)
K ,→ H 3crys(S=W )[0;1)K
induces the desired vanishing.
4. Other brations
We saw that the Calabi–Yau threefold W˜ has a generically non-smooth &bration
in the previous sections. In this section, we shall observe other &brations induced by
P1-&brations on the smooth rational surfaces Y1; Y2.
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p= 2:
f : W˜ → P1 Description of a general &ber
&bration induced by

1 : Y1 → P1: elliptic A direct product of an elliptic curve and a rational

2 : Y2 → P1: q-elliptic curve with an ordinary cusp
!2 : Y2 → P1 Either a K3 surface or a normal surface with 12
P1-&bration R:D:P: of type A1 whose resolution is a K3 surface
!1 : Y1 → P1 A normal surface with one R:D:P: of type D4
P1-&bration whose resolution is a K3 surface
p= 3:
f : W˜ → P1 Description of a general &ber
&bration induced by

1 : Y1 → P1: elliptic A direct product of an elliptic curve and a rational

2 : Y2 → P1: q-elliptic curve with an ordinary cusp
!2 : Y2 → P1 A K3 surface
P1-&bration
!1 : Y1 → P1 A normal surface with two R:D:P: of type A2
P1-&bration whose resolution is a K3 surface
Notation is the same as in the previous sections. W˜ is the Calabi–Yau threefold
constructed in Theorem 2.1 with the following diagram:
W˜
pr2−−−→ Y2
pr1

 
2
Y1

1−−−→ P1:
(4.1)
For a P1-&bration !i : Yi → P1 (i = 1; 2), the composition fi:=!i ◦ pri : W˜ → P1 is
also a &bration. Here, we shall study its general &ber.
Theorem 4.1. Suppose p = 3. (i) Let !2 : Y2 → P1 be a P1-4bration on the quasi-
elliptic surface Y2; and let f2 : W˜ → P1 be the 4bration induced by !2. Then a
general 4ber of f2 is a K3 surface.
(ii) Let !1 : Y1 → P1 be a P1-4bration on the elliptic surface Y1; and let f1 : W˜ →
P1 be the 4bration induced by !1. Then a general 4ber of f1 is a normal surface
with two rational double points of type A2 whose smooth model is a supersingular
K3 surface.
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Theorem 4.2. Suppose p = 2. (i) Let !1 : Y1 → P1 be a P1-4bration on the elliptic
surface Y1; and let f1 : W˜ → P1 be the 4bration induced by !1. Then a general 4ber
of f1 is a normal surface with one rational double point of type D4 whose smooth
model is a supersingular K3 surface.
(ii) Let !2 : Y2 → P1 be a P1-4bration on the quasi-elliptic surface Y2; and let f2 :
W˜ → P1 be the 4bration induced by !2. If !2 =-|(|; where ( is the line of cusps of
the quasi-elliptic &bration ; a general 4ber of f2 is a K3 surface. Otherwise; a general
4ber is either (1) a K3 surface; or (2) a normal surface with twelve rational double
points of type A1 whose smooth model is a supersingular K3 surface. In particular; if

2 has eight degenerate 4bers of type III; the case (1) (resp. case (2)) occurs if and
only if (!−12 (t):()=1 (resp. 2). If the degenerate 4bers of 
2 are one I
∗
0 and four III’s;
the case (1) (resp. case (2)) occurs if and only if ((!−12 (t):(); (!
−1
2 (t):C0)) = (1; 0)
(resp. (1; 1) or (2; 0)); where 2C0 is the non-reduced component of the degenerate
4ber of 
2 whose type is I∗0 .
Proposition 4.3. The Calabi–Yau threefold W˜ constructed in Theorem 2:1 has a
K3-4bration f2 : W˜ → P1 with more than two degenerate 4bers.
For the proof, we consider the following. Let 
i : Yi → P1 be a (quasi)-elliptic
surface as above, and !i : Yi → P1 be a P1-&bration (i=1; 2). Then we have a family
of double coverings {
i|!−1i (t) : !
−1
i (t) → P1}t∈P1 . By construction, we see that a
general &ber of fi:=!i ◦ pri is isomorphic to the &ber product:
f−1i (t) ∼= !−1i (t)×P1 Yj −−−→ W˜ −−−→ Yj

 
j
!−1i (t)
inclusion−−−−−−−−−−→ Yi 
i−−−→ P1
(4.2)
where (i; j)=(1; 2); (2; 1). So we shall observe the base change of the rational (quasi)-
elliptic surface 
j : Yj → P1 by a double covering P1 → P1.
Proposition 4.4. (i) Let 
1 : Y1 → P1 be the rational elliptic surface considered in
Theorem 2:1 and P1 → P1 be a separable double covering with two rami4cation
points if p = 3 (resp. with one rami4cation point if p = 2). If the image of the
rami4cation points and the image of the degenerate 4bers of 
1 are disjoint; then the
4ber product Y1 ×P1 P1 is a smooth K3 surface.
(ii) Let 
2 : Y2 → P1 be the rational quasi-elliptic surface considered in Theorem
2:1 and P1 → P1 be a separable double covering with two rami4cation points if
p = 3 (resp. with one rami4cation point if p = 2) in general position. Then the
4ber product Y2 ×P1 P1 is a normal surface with two rational double points of
type A2 if p = 3 (resp. a normal surface with one rational double point of type
D4 if p = 2). The smooth model of this normal surface is a supersingular K3
surface.
(iii) Suppose p = 2. Let 
1 : Y1 → P1 be the elliptic surface in Theorem 2:1 and
P1(+1) → P1 be the relative Frobenius morphism. Then the 4ber product Y1×P1P1(+1)
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is a normal surface with twelve rational double points of type A1 whose resolution is
a supersingular K3 surface.
Proof. Let U → P1 be the Netale part of the double covering P1 → P1. Then it is
easy to see that U ×P1 Y1 ⊂ P1 ×P1 Y1 is smooth. Similarly, letting Y 01 → P1 be
the smooth part of the elliptic &bration 
1 : Y1 → P1, we see that the &ber product
P1 ×P1 Y 01 ⊂ P1 ×P1 Y1 is smooth. By hypothesis, these two subschemes cover the
entire P1 ×P1 Y1, so it is smooth. Since P1 → P1 is a double covering, it follows that
this &ber product is a K3 surface.
For the proof of (ii), since the &ber product P1×P1 Y2 is a divisor in P1×Y2, it has
only isolated hypersurface singularities, therefore, normal. First suppose p=3. We may
assume that the double covering is de&ned by t=u2 at a branch point with some unit
. The quasi-elliptic &bration is given by t=(x2 +y3) with some unit  near the line
of cusps, where t (resp. x; y) is a coordinate (coordinates) of the base curve (resp. of
the surface). So the singularity of the &ber product is de&ned by u2−(x2 +y3)= 0.
Replacing u by (−=)1=2u, we have u2 + x2 + y3 = 0 in k[[u; x; y]]. It is a standard
procedure to check that the singularity at the origin is a rational double point of
type A2.
Secondly, suppose p=2. Now the rami&cation of the double covering is wild. Indeed,
the double covering is de&ned by t = u2 with some unit  at the branch point. By
putting = (0) + 1un, where (0) ∈ k∗, 1 is a unit in the local ring. Then we have
dt=un+1(n1 du+u d1). By Hurwitz’s formula, we have n=1, i.e., t=(0)u2 +1u3.
Since the normal form of a general &ber is as given in Theorem 2.4, the singular point
of the &ber product is given by y2+x2(x+y)+(0)u2+1u3=0 and this hypersurface
has a rational double point of type D4 at the origin.
In these cases, the smooth model of the &ber product P1 ×P1 Y2 is a K3 surface
with a quasi-elliptic &bration, therefore, it is a supersingular K3 surface (cf. [10]).
The assertion (iii) can be veri&ed by a similar local computation. Thus we conclude
the proof of Proposition 4.4.
To determine which type in the previous proposition occurs as a general &ber, we
need to study the family of double coverings closely. Let 
i × !i : Yi → P1 × P1
be the natural morphism of degree two induced by 
i and !i (i = 1; 2). Take the
Stein factorization Yi
6i→ Vi 7i→ P1 × P1. Here Vi is a normal surface with rational
double points, and 6i is a contraction of (−2)-curves which are in &bers of 
i and !i
simultaneously. 7i is a &nite morphism of degree two. Moreover Vi has two &brations

˜i, !˜i induced by 
i and !i, respectively.
Yi
6i−−−→ Vi 7i−−−→ P1 × P1 Yi 6i−−−→ Vi 7i−−−→ P1 × P1 
i 
˜i
 1st proj:
 !i
 !˜i
 2nd proj:

P1 P1 P1 and P1 P1 P1:
(4.3)
Then we have the following:
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Proposition 4.5. (i) Suppose that the double covering 7i de4ned above is separa-
ble. We denote its rami4cation divisor by R. For an irreducible component R1 ⊂ R;
we denote its image by B1. Then; if p = 3; R1 is a reduced divisor and the re-
striction 7i|R1 is a birational morphism with 7∗i B1 = 2R1. If p = 2; R1 is either
reduced or non-reduced. In the 4rst case; 7i|R1 is a purely inseparable morphism
with 7∗i B1 = R1. In the latter case; 7i|R1red is a birational morphism with 7∗i B1=
2R1red.
(ii) The saturations of the following natural exact sequences
0→ 
∗i *P1 → *Yi → *Yi=P1 → 0;
0→ !∗i *P1 → *Yi → *Yi=P1 → 0
are identical if and only if 7i is purely inseparable.
(iii) If 7i is purely inseparable; the equality !(Vi) = !(P1 × P1) holds.
Proof. The assertion (i) is veri&ed by local calculation (cf. [2, pp. 9–23]). To prove
(ii), consider the following diagram with the exact horizontal rows:
0 −−−→ 
∗i *P1 −−−→ *Yi −−−→ *Yi=P1 −−−→ 0
∩ ‖

(
i × !i)∗*P1×P1 −−−→ *Yi −−−→ *Yi=P1×P1 −−−→ 0
∪ ‖

0 −−−→ !∗i *P1 −−−→ *Yi −−−→ *Yi=P1 −−−→ 0:
:
The double covering 7i is separable (resp. purely inseparable) if *Yi=P1×P1 is a torsion
sheaf (resp. if rank *Yi=P1×P1 = 1). The assertion follows immediately since we have
an isomorphism 
∗i *P1 ⊕ !∗i *P1 ∼= (
i × !i)∗*P1×P1 .
To prove (iii), recall that 7i factors the relative Frobenius morphism:
(P1 × P1)(+1) → Vi 7i→P1 × P1:
So we have
NS(P1 × P1)⊗Q ,→ NS(Vi)⊗Q ,→ NS((P1 × P1)(+1))⊗Q:
Here the &rst and the last terms are equal, so we have !(Vi) = !(P1 × P1). Thus the
proof of Proposition 4.5 is completed.
Proof of Theorem 4.1. Consider the rational elliptic surface 
1 : Y1 → P1 (resp. ra-
tional quasi-elliptic surface 
2 : Y2 → P1) given in Theorem 2.1. Then, by choosing
a P1-&bration !i, we have the double covering 7i : Vi → P1 × P1 with i = 1 (resp.
i = 2) de&ned in (4.3). Since p = 3, 7i is separable. So we denote its rami&cation
divisor by R. We shall show that any component of R does not map to a point by

˜i : Vi → P1. This follows from Proposition 4.5, because any component of &bers
264 M. Hirokado / Journal of Pure and Applied Algebra 162 (2001) 251–271
of 
i is reduced. So a general &ber of fi:=!i ◦ pri : W˜ → P1 is a normal surface
with two rational double points whose resolution is a supersingular K3 surface if
i = 1 (resp. a K3 surface if i = 2) as considered in (i) and (ii) of Proposition 4.4.
Proof of Theorem 4.2. Consider the rational elliptic surface 
1 : Y1 → P1 and a
P1-&bration !1 : Y1 → P1. Then we have a double covering 71 : V1 → P1 × P1
as (4.3). It is easy to see that this double covering is separable, since the restriction
71|
˜−11 (t) : 
˜
−1
1 (t)→ P1 is a surjective morphism from an elliptic curve to P1. So we
denote the rami&cation divisor of 71 by R. We shall show that any component of R
does not map to a point by 
˜1 : V1 → P1. Suppose there exists such an irreducible
component R1 ⊂ R, and set B1:=71(R1). Then the restriction 7|R1red : R1red → B1 is
a purely inseparable morphism, since any component of &bers of 
1 : Y1 → P1 is
reduced. It follows that R1 is a component of a degenerate &ber of type I3 and other
two components of this &ber are contracted by 61 : Y1 → V1. But this contradicts the
fact that 71|R1red is a morphism.
Thus a general &ber of f1:=!1 ◦pr1 : W˜ → P1 is a normal surface with one rational
double point of type D4 whose resolution is a K3 surface as in (ii) of Proposition 4.4.
To prove (ii), we &rst observe the line of cusps ( of the rational quasi-elliptic surface

2 : Y2 → P1. It is known that ( is a smooth rational curve with ((:f)=p=2, where
f is a general &ber of 
2. So it follows that ((2)= 0 by the genus formula. By using
the Riemann–Roch theorem, we have
dimH 0(OY2 (())¿
−KY2 :(+ (2
2
+ :(OY2 ) = 2:
So |(| de&nes a P1-&bration on Y2, which we shall denote by -|(|. Then, by setting
!2:=-|(|, we have a double covering 72 : V2 → P1 × P1 as (4.3). We see that this
covering is separable. Indeed, according to Lemma 2.3, the components of &bers of 
2
which do not intersect ( are four (−2)-curves in the case 
2 has degenerate &bers of
type one I∗0 and four III’s. If 
2 has eight degenerate &bers of type III, there exists no
such component, i.e., 62 is an isomorphism. So we have !(V2) = 6 in the &rst case
and !(V2) = 10 in the latter case, therefore, 72 is separable by Proposition 4.5. We
de&ne the rami&cation divisor R of 72 and observe if there exists a component of R
which maps to a point by 
˜2. Suppose there exists such an irreducible component R1.
Then we claim that R1 is not a component of a degenerate &ber of type III. Indeed,
this is obvious since every irreducible component of this degenerate &ber intersects (
transversely. So it follows that, if !2 =-|(|, a general &ber of f2:=!2 ◦pr2 : W˜ → P1
is a K3 surface considered in (i) of Proposition 4.4. (Note that R1 can be a component
of the degenerate &ber of type I∗0 , but this does not aJect the smoothness of a general
&ber of f2.)
Hereafter we denote by !2 one of the P1-&brations of Y2 which is not necessarily
the one considered above. Let f; F be general &bers of 
2 and !2, respectively. First,
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we have the following diagram:
0
!∗2*P1 ⊗ O(A)
0 −−−→ 
∗2*P1 (2(+ B) −−−→ *Y2 −−−→ *Y2=P1=tor2 −−−→ 0
||


∗2*P1 (2(+ B) −−−→ *Y2=P1=tor1
0
;
where A; B are eJective divisors such that (A:F) = (B:f) = 0 and the horizontal row
(resp. the vertical row) is the saturation of 0 → 
∗2*P1 → *Y2 → *Y2=P1 → 0 (cf.
Theorem 2.4) (resp. 0 → !∗2*P1 → *Y2 → *Y2=P1 → 0). Note that B is equal to the
non-reduced component of the degenerate &ber of type I∗0 , i.e., B= 2C0. First suppose
that the double covering 72 de&ned as (4.3) is separable. Then by Proposition 4.5,
the map 
∗2*P1 (2(+ B)→ *Y2=P1=tor1 is non-zero, therefore an inclusion. Restricting
to a general &ber F , we have (
2|F)∗*P1 ((2( + B:F)) ,→ *F . Then it follows that
(2(+ B:F)6 2 (= degree of the rami&cation divisor of 
2|F).
On the other hand, suppose that the double covering 72 is purely inseparable. Then
we have !∗2*P1 ⊗O(A) ∼= 
∗2*P1 (2(+ B). Taking the intersection number with F , we
obtain 2(F:() + (F:B) = 2(F:f) = 4. Thus we know that (i) 2(F:() + (F:B)6 2 if 72
is separable, (ii) 2(F:() + (F:B) = 4 if it is inseparable.
The latter case occurs if (F:()=2 in case 
2 has no degenerate &ber of type I∗0 , and
if (F:()= 2 and (F:C0) = 0; or (F:()= 1 and (F:C0) = 1; or (F:()= 0 and (F:C0) = 2
in case 
2 has the degenerate &ber of type I∗0 . But the last case is ruled out by the
consideration above. We conclude that, in these cases, a general &ber of f2:=!2 ◦pr2
is a normal surface with twelve rational double points of type A1 as observed in (iii)
of Proposition 4.4.
There remains the case where 72 is a separable covering, which occurs if (F:()=1
or 0 in case 
2 has no degenerate &ber of type I∗0 , and if (F:() = 1 and (F:C0) = 0;
or (F:() = 0 and (F:C0) = 1 in case 
2 has the degenerate &ber of type I∗0 . So we
examine if there exists a component of its rami&cation divisor R which maps to a
point by 
˜2. Suppose there exists such an irreducible component R1 of R in a &ber
of type III. Since any component of this &ber is reduced, the restriction 72|R1red is
a purely inseparable covering and R1red = R1 by Proposition 4.5. This implies that
R1 is in the support of the cokernel of !∗2*P1 ⊗ O(A) ,→ *Y2=P1=tor2. Then we have
O(−2F + A + R1) ,→ O(−2( − B + f). Then taking the intersection number with F ,
we have 2 = (F:R1)6 −2((:F)− (B:F) + 2. Therefore, ((:F) = 0, which is the case
!2 = -|(| considered above, but this is absurd. So there exists no such component.
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Fig. 1.
Then it follows that a general &ber f2:=!2 ◦ pr2 is a K3 surface considered in (i) of
Proposition 4.4. Thus the proof of Theorem 4.2 is completed.
Proof of Proposition 4.3. Let !2 be a P1-&bration of Y2 which induces a K3-&bration
f2:=!2 ◦ pr2 : W˜ → P1 as in Theorems 4.1 and 4.2. We shall count the number of
reducible &bers of the P1-&bration !2. Let C be an irreducible curve on Y2. Then we
have the following by the adjunction formula 2pa(C)− 2 = KY2 :C + C2:
(1) If (C2) =−1, then C ∼= P1 and C is a section of 
2.
(2) If (C2) =−2, then C ∼= P1 and C is a component of a &ber of 
2.
(3) If C ∼= P1, then we have (C2)¿ −2.
Suppose p = 3. Recall that the four degenerate &bers of the quasi-elliptic &bration

2 : Y2 → P1 are of type IV, then it is easy to check that a singular &ber of
!2 is either one of the types (A), (B), (C) or (B′) in Fig. 1. Let a; b; c; b′ be the
numbers of singular &bers of !2 whose types are (A), (B), (C) and (B′), respec-
tively. Then the possible combinations are (a; b; c; b′)=(0; 0; 2; 1); (0; 1; 0; 3), (0; 4; 0; 0).
Therefore, the K3-&bration f2 has at least three reducible &bers. Indeed, we have
a + 2b + 3c + 2b′ = !(Y2) − 2 = 8, and the number of sections of 
2 is eight:
2a + 2b + 2c + b′ 6 8. The solutions (a; b; c; b′) are (1; 0; 1; 2), (0; 2; 0; 2), (0; 0; 0; 4),
(0; 3; 0; 1), (2; 0; 0; 3), (2; 1; 0; 2), (1; 1; 1; 1), (0; 0; 2; 1), (0; 1; 0; 3), (0; 4; 0; 0), (0; 1; 2; 0),
(1; 2; 1; 0) and (2; 0; 2; 0). Since the number of disjoint (−2)-curves on Y2 does not ex-
ceed four, we can get rid of the &rst six cases. In the last three cases, there would be
one degenerate &ber of 
2 such that any of its components do not map to a point by !2.
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This contradicts (f:F)=2, where f; F are general &bers of 
2; !2, respectively. More-
over, according to Ito [4], all the sections of the quasi-elliptic &bration 
2 given by
this equation are disjoint, so the case (1; 1; 1; 1) is ruled out. So we have the possible
combinations: (0; 0; 2; 1), (0; 1; 0; 3), (0; 4; 0; 0).
Suppose p= 2. We shall observe the singular &bers of !2 =-|(| given in Theorem
4.2. If the quasi-elliptic &bration 
2 has four degenerate &bers of type III and one
degenerate &ber of type I∗0 , the possible singular &bers of !2 is (A) or (B) in Fig. 1
(cf. Lemma 2.3). Letting a; b be the numbers of singular &bers of type (A) and (B)
in !2, we have a+2b=!(Y2)−2=8. Since the number of sections of 
2 is eight, we
have 2a+ 2b6 8. So we have the unique solution (a; b) = (0; 4). In the second case,
i.e., 
2 has eight degenerate &bers of type III, no (−2)-curves can be in &bers of !2
by Lemma 2.3. So the only possibility is that !2 has eight singular &bers of type (A)
in Fig. 1. Thus we know there exists at least four singular &bers of !2, and we have
the desired result. Thus Proposition 4.3 is proved.
Remark. It can be checked that all the cases stated in Theorem 4.2 actually occur. We
know from the above observation that in case where 
2 has eight degenerate &bers
of type III, the P1-&bration -|(| has eight singular &bers of type (A) in Fig. 1. A
possible singular &ber of another P1-&bration of Y2 is either of type (B) or (B′) in
Fig. 1. So if we take two disjoint sections of 
2 and one (−2)-curve which intersects
these sections, to get the con&guration of type (B) (resp. a section of 
2 and two
(−2)-curves which intersect to get the con&guration of type (B′)), we see that this
divisor de&nes a P1-&bration by the Riemann–Roch theorem. A general &ber F of this
P1-&bration satis&es (F:() = 1 (resp. 2).
In case 
2 has four degenerate &bers of type III and one I∗0 , the P1-&bration -|(|
has four singular &bers of type (B). Therefore, a possible singular &ber of another
P1-&bration !2 of Y2 is either of type (B), (D), (B′) or (D′). So if !2 has a singular
&ber of type (B) (resp. type (D)), it can be checked that a general &ber F of !2
satis&es ((F:(); (F:C0)) = (1; 0) (resp. ((F:(); (F:C0)) = (1; 0)). If !2 has a singular
&ber of type (B′) (resp. (D′)), then either ((F:(); (F:C0)) = (1; 1) or (2; 0) (resp.
((F:(); (F:C0)) = (2; 0)). The existence of such P1-&brations can also be veri&ed by
using the Riemann–Roch theorem.
5. The Hodge duality
The non-existence of global vector &elds of K3 surfaces was &rst proved by Ruda-
kov–Shafarevich, from which the degeneration of the Hodge spectral sequence at E1-
term follows immediately. In this section, we shall discuss this problem for Calabi–
Yau threefolds W˜ constructed in Section 2.
Theorem 5.1. For the Calabi–Yau threefold W˜ obtained in Theorem 2:1; we have
H 0(TW˜ ) = H
0(*1W˜ ) = 0:
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Corollary 5.2. The Hodge duality holds for the Calabi–Yau threefold W˜ in the pre-
vious theorem:
dimHj(W˜ ; *iW˜ ) = dimH
i(W˜ ; *j
W˜
);
where 06 i; j 6 3.
The following theorem plays the key role in the proof of non-existence of global
vector &elds.
Theorem 5.3. Let X be a Calabi–Yau threefold with a K3-4bration f : X → P1. Let
S ⊂ P1 be the subset such that the 4ber f−1(t) is a degenerate 4ber if and only if
t ∈ S. Then we have the following inequality:
dimH 0(TX )6 max{3− #S; 0};
where #S stands for the number of elements of S.
First, we introduce the following proposition (cf. [10]).
Proposition 5.4. Let f : X → C be a 4bration on a smooth projective variety to a
complete curve. Suppose there exists a global vector 4eld = ∈ H 0(TX ). Then we have
an element f∗= ∈ H 0(TC) such that the following equality as a local regular function
holds:
=(f∗t) = f∗(f∗=(t)) for t ∈ OC:
Moreover; the vector 4eld f∗= ∈ H 0(TC) vanishes at the points over which the
singular 4bers of f exist.
Proof of Proposition 5.4. Since we have f∗OX = OC , there exists a vector &eld f∗=
which is the image of = by
H 0(TX )→ H 0(f∗TC) ∼= H 0(f∗OX ⊗ TC) ∼= H 0(TC):
By de&nition, to give such elements = ∈ H 0(TX ) and f∗= ∈ H 0(TC) is equivalent
to giving the morphisms [=] : *X → OX and [f∗=] : *C → OC , which satisfy the
following commutative diagrams:
OC
f∗=−−−→ OC
d
 ||
*C
[f∗=]−−−→ OC;
OX
=−−−→ OX
d
 ||
*X
[=]−−−→ OX
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and
0 −−−−−→ f∗*C −−−−−→ *X −−−−−→ *X=C −−−−−→ 0: f∗[f∗=]
 [=]
f∗OC OX
By chasing the image of an element t ∈ OC on top, we get the desired equality.
To prove the last assertion, observe that the local equation of a singular &ber is an
element of m2x at a singular point x ∈ Singf−1(t), where mx is the maximal ideal of
the local ring OX;x. Therefore, f∗t is expressed as f∗t =
∑
uivi for some ui; vi ∈ mx.
Thus we have
=(f∗t) =
∑
ui=(vi) +
∑
vi=(ui) ∈ mx;
i.e., =(f∗t) vanishes at x ∈ X . By the above equality, we see that f∗=(t) vanishes at
t = 0. Therefore, f∗= vanishes at t = 0.
Proof of Theorem 5.3. We have the usual exact sequence:
0→ H 0(TX=P1 )→ H 0(TX )→ H 0(f∗TP1 ):
First, note that H 0(TX=P1 ) = 0, since the global vector &eld of a K3 surface is trivial.
So, we have the following inclusion:
H 0(TX ) ,→ H 0(f∗TP1 ) ∼= H 0(f∗OX ⊗ TP1 ) ∼= H 0(TP1 ):
By Proposition 5.4, we know that for any element = ∈ H 0(TX ), the image f∗= ∈
H 0(TP1 ) vanishes at S.
Recall that any regular vector &eld on P1 can be expressed at a vanishing point as
either t2@=@t or t@=@t for some local coordinate t. So if #S ¿ 3, there exist no such
vector &elds. If #S = 2, there is a unique candidate for f∗= which is of type t@=@t. If
#S = 1, the vector &elds which vanish at a given point in P1 form a two-dimensional
vector space. If S = ∅, any element of H 0(TP1 ) can be such f∗= and H 0(TP1 ) has
dimension three.
Proof of Theorem 5.1. The vanishing H 0(TW˜ )=0 is obvious from Theorem 5.3, Propo-
sition 4.3. So we shall prove the second assertion H 0(*1
W˜
) = 0.
Consider the K3-&bration f2 : W˜ → P1 which is the composition of the projec-
tion to the quasi-elliptic surface pr2 : W˜ → Y2 and a P1-&bration !2 : Y2 → P1
(cf. Proposition 4.3). Let 0 → !∗2*P1 (A) → *Y2 → *Y2=P1=tor → 0 be the satu-
ration of the natural exact sequence. Then this &ts into the following commutative
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diagram:
0
0 pr∗2 (*Y2=P1=tor)

0 −−−→ f∗2*P1 (pr∗2A) −−−→ *W˜ −−−→ Coker  −−−→ 0 ||

pr∗2*Y2 −−−→ *W˜ −−−→ *W˜=Y2 −−−→ 0:

pr∗2 (*Y2=P1=tor) 0
0
First, we shall show that the &rst horizontal row is the saturation of 0 → f∗2*P1 →
*W˜ → *W˜=P1 → 0. Because of the construction of W˜ , if a &ber of !2 is given by
!−12 (t) =
∑
aiCi, then the &ber f−12 (t) is given as the following &ber product outside
the exceptional curves of the small resolution  : W˜ → W .
f−12 (t) =
∑
aiCi ×P1 Y1 −−−→ W˜ pr1→ Y1
pr2
 
1
!−12 (t) =
∑
aiCi
inclusion−−−−−→ Y2 
2−−−→ P1:
Recall that any component of a &ber of 
1 : Y1 → P1 is reduced and the &bration pr2
is a base change outside the exceptional curves of the small resolution  : W˜ → W .
Therefore, pr2 is smooth outside a subset Z whose codimension in W˜ is at least two.
The map !∗2*P1 (A)→ *Y2 is given locally by
OY2 (@ dx
′ + % dy′)→ OY2 dx′ ⊕ OY2 dy′
for some local coordinates x′; y′ and elements @; % in OY2 such that @, % have no
common divisor. The pull-backs of x′; y′ by 2 form a part of the system of local
parameters of OW˜ outside Z (we denote their pull backs by x; y, and the system of
local parameters by {x; y; z}). Then the map  : f∗2*P1 (pr∗2A)→ *W˜ is given by
OW˜ (pr
∗
2 @ dx + pr
∗
2% dy)→ OW˜ dx ⊕ OW˜ dy ⊕ OW˜ dz:
Since pr∗2 @; pr
∗
2% have no common divisor, it follows that the cokernel of  is torsion
free outside Z . Since we have codim (Z ; W˜ )¿ 2, Coker  is torsion free.
Now, we claim that H 0(pr∗2*Y2 ) = 0 holds. Indeed, the &bers of pr2 are connected,
so we have pr2∗OW˜ ∼= OY2 . Therefore, H 0(pr∗2*Y2 ) ∼= H 0(pr2∗OW˜ ⊗ *Y2 ) ∼= H 0(*Y2 ).
It can be easily checked that the last term vanishes, since its dimension is a birational
invariant.
Now, we shall use the inclusion: H 0(*W˜ ) ,→ H 0(Coker ) = H 0(*W˜=P1 =tor). Let
= ∈ H 0(*W˜ ) be an element. We denote its image in H 0(*W˜=P1 =tor) by the same =.
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Then we have =|f−12 (t) = 0 as an element of H
0(*f−12 (t)) for a general t ∈ P
1, because
the global one-form of a K3 surface is trivial (cf. [10]). Therefore, = is a torsion
element in H 0(*W˜=P1 =tor). Obviously *W˜=P1 =tor is torsion free, so we have = = 0.
Thus we obtain H 0(*W˜ ) = 0.
Proof of Corollary 5.2. For a Calabi–Yau threefold X there exists a perfect pairing:
*1X ⊗ *2X → *3X ∼= OX ;
which induces the isomorphism TX ∼= *2X . Combining this with Theorem 5.1 and the
Serre duality we have the desired result.
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